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1. Introduction
Offshore wind turbine farms provide large quantities of 

cheap energy whilst having a reduced impact on human 
environments when compared to onshore wind turbine 
farms. However, offshore wind farms are more expensive 
than onshore ones due to greater engineering requirements 
from storms, sea swells, and additional corrosion from salt 

water. Analysis on the efficiency of wind turbines relative 
to the yaw is vital for the development of energy produc-
tion facilities. Changes in the wind direction are inherent 
to the environment and thus large changes in this cannot 
always be matched by the turbines. By understanding the 
efficiency change as a turbine’s yaw angle varies, the vari-
ations in energy production can be identified and attribut-
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ed to the related factors. Most offshore wind turbines used 
for energy harvesting are 3-bladed HAWT. These turbines 
utilise lift generated from the blades as the primary form 
of propulsion, as opposed to Vertical Axis Wind Turbines 
(VAWT) which utilise drag. Three bladed designs are cho-
sen over two or four bladed designs for several reasons; 
most primarily is the cost to efficiency. Harvesting the 
maximum amount wind power is the key target of turbine 
design. Four bladed HAWT have a slightly better power 
coefficient, CP, of approximately 0.505 compared to 0.500 
for three bladed turbines. Four bladed HAWT also have a 
lower optimal tip speed ratio, TSR. However, the addition-
al blade increases cost, weight, and the materials needed 
in manufacturing and maintenance. This increased cost is 
not justified by the increase in performance. For the pur-
pose of offshore wind farms, two bladed designs are elim-
inated due to increased noise and manufacturing costs. 
Two bladed HAWT rotate at faster speeds at any given 
wind speed due to reduced drag. However, increased rota-
tional speed results in faster TSR, thus increases noise and 
centrifugal forces. In addition, two bladed HAWT require 
a chord length 50% longer that equivalent three bladed 
HAWT [1]. This increase to the blade’s size has dramatic 
impacts on cost, centrifugal forces, and noise.

When evaluating the performance of wind turbines, 
the International Electrotechnical Commission (IEC) rec-
ommends either annual energy production (AEP), Power 
Curve (Wind Speed vs Power), or power coefficient (CP) 
as performance parameters [2]. Annual energy production 
is beyond the scope of the research conducted and thus 
only power curve and power coefficient will be utilized 
to evaluate performance. Power curves can be used to es-
timate the performance at relative positions on the power 
curve plot and relative productive efficiency.

For optimal efficiency and power generation, a HAWT 
should be designed such that the rotor axis is aligned 
with the direction of wind. Any misalignment with wind 
flow is referred to as yaw angle, as shown Figure 1. Wind 
turbines are designed with mechanical systems to con-
trol yaw and correct for changes in the direction of wind. 
However, slightly misalignment may cause reduction 
in the power, increased off principal axis forces on the 
turbine structure, or increased noise levels. This paper 
examines the effect of a yaw angle on the performance of 
the turbine in an ideal condition. As a result, the turbine 
pole and other structures like the generator of the turbine 
are not considered. The efficiency of a wind turbine (CP) 
is the power generated by the turbine (PT) divided by the 
available fluid energy from wind (PW), i.e. 

 (1)
where PT and PW can be calculated by

  (2)

  (3) 

where T and ω are the torque and angular frequency of the wind 
turbine shaft, respectively, ρ is the air density, A=πD2/4 
is the turbine blade swept area, D is the swept area of the 
turbine blades and Vw is the wind velocity. If the wind 
is in the form of boundary layer flow, the velocity at the 
level of turbine shaft axis can be used as the Vw. In most 
of applications, the turbine elevation is sufficiently high 
that the wind flow is nearly uniform. The torque T reduces 
with the increase of ω. The best design of turbine is that 
the product of T and ω reaches its maximum value. 

Ideally the maximum mechanical efficiency a wind tur-
bine can reach is CP=0.593 and this limitation is referred 
to as Betz limit [3]. This value cannot be achieved in phys-
ical application due to energy loss and the turbulence of 
the flow. The efficiency of electric power is even smaller 
than this value considering the energy loss when mechan-
ical power is converted to electricity. Jamieson [4] stated 
that the maximum efficiency of a three-bladed HAWT is 
approximately CP=0.50. These maximum efficiencies con-
sider rotor axis and wind direction to be perfectly aligned. 
If the wind approaches the turbine at a yaw angle θ, the 
turbine efficiency can be estimated by an empirical formu-
la: 

  (4)
where K is a constant that can be derived using experi-
mental or numerical experiments and Cp0 is the turbine 
efficiency at θ=0°. Equation (4) is the simplified cosine 
law. Research conducted by Dahlberg and Montgomerie [5], 
Kragh and Hansen [6] found the parameter K in Equation 
(4) is about 3, but Kragh and Hansen [6] reported that 
K varies and its upper bound is 3. Madsen, So̸rensen [7] 
found K=3 overestimates the reduction in power. Further 
tests conducted by Schreck and Schepers [8] reported a 
value of K=1.8 for yaw angles between 0° and 25°. This 
study also found that the effect of yaw angle is dependent 
of wind velocity. Offset yaw angles have been studied to 
test potential increases to downstream wind turbines. It is 
interesting that for wind farms with an array of turbines, 
Miao, Li [9], Noura, Dobrev [10] and Xinghui Dong and 
Hui Wang [11] found purposely angling upstream wind 
turbines can increase the overall power yield. Tip speed 
ratio (λ), which is defined as the ratio of wind turbine 
blade tip velocity to the wind speed, is a crucial value 
when wind turbine design is considered. TSR is defined in 
Equation (4). Optimal TSR for 3-bladed wind turbines lay 
between 6 and 9 [12], and marginal increases in efficiency 
are observed beyond a TSR of 8 [13]. Many researchers 
reported different values of K. In addition, the accuracy of 
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Equation (4) for predicting the turbine power at a yaw an-
gle has not been considered in these papers. A systematic 
study is necessary to find out how accurate Equation (4) 
is. It is also expected that the applicability of Equation (4) 
also depends on the yaw angle. There might be a range of 
yaw angle where Equation (4) is accurate. 

Mainstream utilization of yaw control systems in wind 
turbines has led to significant increases in power genera-
tion. The accuracy of these systems in crucial to reducing 
the cost of energy and maintaining functioning wind tur-
bines. The analysis of a 2.3 MW three-bladed wind tur-
bine found that the identified yaw error distribution result-
ed in a 0.2% loss in efficiency over a year of operation [6]. 
This is a small percentage, however when considering the 
number of wind turbines in use and the amount of power 

generated, any loss is considerable. This demonstrates 
how accurate current systems are and the importance of 
yaw angle. Yaw control is also used to improve the overall 
power generation of a wind farm as the wake effect from 
upstream turbines affects power generation of downstream 
turbines. 

Although yaw control method has been used in wind 
turbine design, it is still necessary to understand the ef-
fects of yaw angle on power generation. Equation (4) 
make it possible to accurately predict the efficiency of 
a yawed wind turbine. However, many existing studies 
of wind turbines have been conducted using small scale 
models. The validity of Equation (4) in large scale wind 
turbine needs to be analysed further. In this study, a de-
tailed numerical study is performed to investigate the yaw 
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Figure 1. Design of a yawed wind turbine. Top left: isometric view; Top right: turbine blade design with a constant 
pitch angle; Bottom: definition of pitch angle α.
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angle on the efficiency of a prototype scale three-blade 
wind turbine with a turbine blade swept area of 100 m. 
Instead of conducting study at small scale, the simulations 
are conducted at prototype scale to make sure the research 
outcomes are applicable for real turbines. In addition, we 
conducted simulations at a variety of yaw angles to fully 
understand the effect of yaw angle on the turbine efficien-
cy. The numerical simulation is performed using ANSYS 
software. The numerical results show turbine blade pitch 
angle of 5° generate the maximum power and Equation 
(4) with K=3 can predict efficiency of yawed turbine with 
satisfactory accuracy. 

The rest of the paper is organized as follows. The 
numerical method is explained in Section 2. Section 3 
includes three parts, the best performance of the rotation 
speed of the turbine with a right wind approaching angle 
and the best pitch angle of the blades are found in part 1 
and 2, respectively. In part 3, the effects of the yaw angle 
on the efficiency of the turbine are studies and the accu-
racy of the empirical method is evaluated. Finally, the 
research conclusions are summarized in Section 4. 

2. Numerical Method

A larger scale wind turbine shown in Figure 1 is an-
alyzed numerically using computational fluid dynamics 
(CFD). The advantage of CFD simulations over laborato-
ry experiments is that they can be performed at the scale 
intended for manufacture, mitigating the need for scaled 
models, and thus scaled conditions as well as making it 
possible to test singular components. The turbine is cre-
ated in Solidworks with 5 components, the nacelle, nose, 
and 3 blades. The nacelle and nose are simple bodies that 
have undergone limited aerodynamic improvement as 
these elements are not the focus of analysis. The nacelle is 
the centre body of a wind turbine that houses the gearbox, 
driveshafts, and operational componentry. For the turbine 
designed for this project, the nacelle is connected to the 
nose and blades as the cylindrical shape does not impact 
the results when rotated. This simplifies the assembly and 
reduces the meshing complexity in ANSYS. The nacelle is 
comprised of a 6 m diameter cylinder, and 6 m in length. 
The nose of the turbine is a 6 m diameter hemisphere 
attached to the forward-facing end of the nacelle. This ge-
ometry improves air flow around the body of the nacelle 
as well as redirected flow towards the blades. Each blade 
of the turbine is a tapered airfoil with the shaft and tip 
ends having chord lengths of 4.5 m and 1 m, respectively, 
as seen in the top right picture of Figure 1. 

A coordinate system is defined with its origin located at 
the centre of the turbine shaft. The x-, y- and z-axes are in 
the shaft direction, normal direction of the hub on the hor-

izontal plane and the vertical direction, respectively. The 
wind approaches the turbine at a yawed angle θ. θ=0° cor-
responds to the case where the wind direction aligned with 
the shaft axis direction perfectly. ANSYS Fluent is used to 
simulate wind and the mechanical energy generated by the 
turbine. This study mainly conducts fundamental study of 
the effect of the wind direction on the energy harvesting 
and the wind turbine supporting pole is not considered. 
The wind turbine is designed using Solidworks software. 
It consists of a 6 m diameter hub with curved nose con-
nected to 3 blades. The total diameter of the wind turbine 
blade swept area is D=100 m and the chord length of the 
blades decreases from 4.5 m at the hub to 1 m at the tip. A 
NACA 4412 aerofoil profile is implemented along the en-
tire length on the blade. Analysis performed by Hossain, 
Raiyan [14] found the NACA 4412 aerofoil to be a suitable 
design for low speed applications such as HAWT. The 
pitch angle does not vary along the length of the blades. 
This paper will prove the validity of the empirical for-
mula Equation (4) and the derive the coefficient K in this 
equation for prototype large scale turbines under a wind 
velocity of 12 m/s (43.2 km/h), which is within the range 
of wind speed in typical offshore environments. 

Wind past a turbine with a shaft speed and yaw angle 
is simulated using and ANSYS Fluent software 2020 
version. Fluent has been proven to be accurate software 
for simulating aerodynamics problems. The size of the 
rectangular computational domain is 400 m in the wind 
direction, 400 m in the vertical direction and 500 m in the 
crossflow direction. The computational domain includes 
two zones, a spherical rotating zone at the centre and an 
outer zone. The 150-m diameter spherical central zone 
is allowed to rotate along the x-axis with the same speed 
of the turbine rotation speed (see Figure 1 for the coordi-
nate system). Using rotating inner zone avoid remeshing, 
which reduces the calculating speed. In addition, the mesh 
quality of the rotating zone remains high without remesh-
ing. 

To simulate the wind interaction with such a large tur-
bine, an efficient numerical method with acceptable accu-
racy is important. Predicting very small scale turbulence 
using refined CFD model like Direct Numerical Simula-
tion (DNS) or Large Eddy Simulation (LES) is practically 
not achievable. In this study, the flow is simulated by 
the three-dimensional Reynolds Averaged Navier-Stokes 
equations (RANS):

 (5)

 (6)

where t is time, xi (i=1,2 and 3) are the Cartesian coor-
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dinates, ρ is the air density, ui is the fluid velocity in the 
xi-direction, p is the fluid pressure, is the molecular vis-
cosity. On the right-hand side of Equation (6), represents 
the Reynolds stresses of turbulence. The RANS equations 
are time-averaged fluid flow equations that only calculate 
the time-average flow field while the effect of turbulence 
on the mean flow is captured by the so-called Reynolds 
stress. 

The Shear Stress Transport (SST) k-ω turbulence model 
is used to calculate the Reynolds stress of turbulence. The 
SST k-ω turbulence has been proved to be able to simu-
late strong turbulent flow problems with adverse pressure 
gradient in aerodynamics [15-17]. In this study, the turbine 
is assumed to be placed well above the boundary layer 
above the ground, as a result, uniform velocity is given at 
the inlet boundary, the continuity of mass and momentum 
is ensured at the interface between the inner and outer 
zones of the computational domain. Non-slip boundary 
condition is used on the surface of turbine blades, i.e. the 
velocity of fluid is the same as the motion of the blade. 
On the outgoing boundary, the gradient of pressure and 
velocity in the streamwise direction is zero. On the side 
boundaries (top, bottom, front and back boundaries), free-

slip boundary condition is used. 
The whole computational domain is divided into about 

1.1 million tetrahedron elements. Mesh refinement test 
were conducted to make the computational mesh is suffi-
ciently dense for converged results of the turbine power. 
The use of the RANS equations allows the flow to be 
simulated at affordable time without compromising the 
accuracy of main flow characteristics. The computational 
time step is 0.2 s. Figure 2 shows the computational mesh 
near turbine blades. Denser mesh is implemented near 
the blade surfaces to ensure complex flow features can be 
captured. On the interface between the rotating inner zone 
and the outer zone, mesh is also dense to make sure the 
effects of the interface on the accuracy are small. 

After the flow around the turbine is simulated, the 
torque is calculated by integrating the pressure and shear 
stress over the blade surface and the power and efficiency 
of the turbine are calculated by Equation (2) and Equation 
(1), respectively. Fluent can calculate the torque automati-
cally. When a turbine with a yawed angle is generated, the 
whole coordinate system and the turbine is rotated at an 
angle same as the yaw angle, but the outer zone does not 
change. 

3. Numerical Results
A constant wind velocity of Vw=12 m/s is used in the 

present study. The first step of the study is to find the best 
performance condition of the turbine, i.e. the pitch angle 
of the turbine blades, the rotation speed of the turbine 

shaft where the turbine’s performance reaches the maxi-
mum. The effects of the yaw angle under this condition is 
examined. Pradeep and Harikumar [18] found the maximum 
drag to lift coefficient ratio of an airfoil can be achieved at 
5° angle of pitch angle (blade angle for a turbine, defined 

Figure 2. Computational mesh near the turbine blades. Dense grids are used near the blades to make sure the complex 
blade-flow interaction is well predicted.
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in Figure 1). In this study the pitch angle of the blade is 5°. 
We want to do the study at the rotation speed of the tur-
bine where the best performance is achieved. To find out 
the best rotation speed, turbine performance at zero yaw 
angle θ=0° and various turbine rotational speed is simu-
lated first, and Figure 3 shows the variation of the turbine 
power with the turbine rotational speed, i.e., the perfor-
mance curve of the turbine. The variation of the power 
with the angular speed ω has characteristics of typical 
performance of wind turbines. The power is zero at ω=0 
rad/s and increases with the increase of ω until it reaches 
its maximum value, after which the power decreases very 
quickly. The turbine power reaches its maximum of 2.818 
MW at ω=2 rad/s and this best performance shaft speed is 
used in the study of the effects of yaw angle. In practice, 
turbine should be designed to allow it to rotate at the best 
performance speed. 

Figure 3. Variation of the efficiency with the angular 
velocity of the turbine shaft at θ=0° and α=5°.

To further confirm that 5° blade angle is the best angle, 
turbine efficiencies at α=0°, 5°, 10° and 15° are calculated 
and Figure 4 shows the variation of the efficiency of the 
turbine with the blade pitch angle at ω=2 rad/s. Further in-
crease the blade angle to beyond 15° could cause negative 
efficiencies. It can be seen that blade angle of 5° generates 
the maximum turbine efficiency compared with other 
blade angles. For a two-dimensional NACA 4412 aerofoil, 
the maximum lift coefficient occurs at an attack angle 
between 10° and 15°. The best performance pitch angle is 
smaller than the best lift angle of a two-dimensional aero-
foil because the rotation of the turbine changes the effec-
tive attack angle. In addition, the variation of the motion 
speed of the blade in the radial direction makes different 
section of the turbine blades works on different effective 
attack angles. Because of this, the best performance pitch 
angle can only be determined by either CFD simulations 
or experiments. 

The maximum efficiency of 33.9% is 43% smaller than 

the ideal solution of 59.3% [3]. The focus of this study is 
to quantify the effects of yaw angle on the performance 
of the turbine. We did not make further efforts to optimize 
the design of the turbine blade to achieve the maximum 
power. It is expected that the yaw angle effects for differ-
ent turbine blade design should be the same. 

With the blade pitch angle (α) and the rotational speed 
of the shaft (θ) determined, simulations for α=5°, ω=2 rad/s  
and =12 m/s and yaw angle θ varying from –70° to 
70° with a 10° increment to examine the effect of yaw an-
gle on the performance. It was found that angles beyond 
+/– 80° resulted in negative power, and we did not include 
the results of these cases in the discussion. Turbine cannot 
have such large yaw angles in reality. At θ=0° a power of 
2.82 MW was generated, resulting an efficiency of 33.9%. 
Figure 5 shows the variation of the turbine efficiency with 
the yaw angle. Both negative and positive yaw angles 
reduce the efficiency and the reduction rate increase with 
the increase of the yaw angle magnitude. The component 
of the wind in the axial direction of the turbine contributes 
the power generation. If the turbine is yawed either in the 
negative or positive direction, the component of the wind 
in the turbine axial direction reduces and as a result the 
power of the turbine reduces. The power curve in Figure 
5 is symmetric because positive and negative yaw angles 
with same magnitude have same effects on the reduction 
of the wind velocity in the turbine axial direction. The 
predicted efficiencies using the efficiency at θ=0° and 
Equation (4) with K=3 are also shown in the figure for 
comparison. The CFD results of the efficiency follow co-
sine law of Equation (4) very well. The efficiency changes 
with increase/decrease of θ at very small rate as is very 
small, especially near θ=0°. The maximum change rate of 
Cp with the change of θ occurs at . The ef-
ficiency is negligibly small as approaches 90°. In addition, 
it is found that positive and negative yaw angles of the 
turbine generate the same effect on the turbine efficiency. 
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To quantify the accuracy of the cosine law (Equation 
(4)), Figure 6 compared the CFD solution of the turbine 
power with that predicted by the cosine law. The differ-
ence between the two sets of results is defined as

  (7)

where and are the power calculated by CFD and cosine 
law, respectively. The error of the cosine law is less than 
10% when the yaw angle is in the range between –30° and 
30°. The error err is large at large yaw angles |α|>40° be-
cause the error is amplified by the small value of the pow-
er value. In practice, only small yaw angles are allowed 
because large yaw angles do not generate power. 

The proved the validity of the cosine law Equation (4) 
is very useful. It provides a simplified method for estimat-
ing the power of a turbine at a yawed angle quickly before 
refined study is required in the early stage of design. To 
use Equation (4), the turbine efficiency at θ=0° must be 
predicted using either experimental or numerical model 
and the prediction accuracy is important. 

Figure 6. Comparison between the CFD results of turbine 
power and the power predicted by the cosine law.

4. Conclusions

The efficiency of a prototype three-blade HAWT is in-
vestigated through numerical simulation and the focus of 
this study is the effect of the yaw angle on the turbine per-
formance. The maximum efficiency at θ=0° is 33.9%. The 
cosine law Equation (4) with K=3 can be used to predict 
turbine efficiency with satisfactory accuracy. If the effect 
of the yaw angle on the turbine efficiency follows cosine 
law, very small value of yaw angle does not affect the 
power much. The maximum change rate of the power with 
the yaw angle occurs at α=45°. It can be concluded that 
this form of computational fluid dynamics is viable when 
comparing predicted efficiency values to that of simula-
tion analysis. In terms of yaw control and the application 
of this methodology to large-scale wind turbines, the co-
sine law stands as an accurate method of determining the 
behaviour of efficiency loss over a range of yaw values. 
However, CFD simulation on the flow behaviour and ef-
ficiency are a more advanced and design specific method 
to confirm these predictions and investigate the effect of 
wind turbines in proximity to each other. This paper only 
studied the case where the turbine is placed in a uniform 
flow. If the turbine is in a boundary layer flow with strong 
variation of the velocity in the vertical direction, more 
study is required to testify the cosine law. In addition, the 
effect of yaw angles on the total generated power by an 
array of multiple turbines in a wind farm need to be stud-
ied further in future.
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