
1

Journal of Electronic & Information Systems | Volume 03 | Issue 01 | April 2021

Distributed under creative commons license 4.0 DOI: https://doi.org/10.30564/jeisr.v3i1.3205

Journal of Electronic & Information Systems

https://ojs.bilpublishing.com/index.php/jeis

ARTICLE

Non-fragile Dynamic Output Feedback H∞ Control for a Class of Un-
certain Switched Systems with Time-varying Delay 

Yuning Song　Yuzhong Liu* 
School of mathematics and Systems Science, Shenyang Normal University, Shenyang, Liaoning, 110034, China 

ARTICLE INFO ABSTRACT

Article history
Received: 7 May 2021
Accepted: 11 May 2021 
Published Online: 13 May 2021 

The problem of non-fragile dynamic output feedback H∞ control for a 
class of uncertain switched systems with time-varying delay is discussed. 
Firstly, the form of non-fragile dynamic output feedback H∞ controller 
is given. Under the condition that the upper bound of time delay and the 
upper bound of delay derivative are limited simultaneously, Lyapunov 
functional and its corresponding switching rules are constructed by using 
single Lyapunov function method and convex combination technique; 
Secondly, we use the inequality lemma to scale the derived Lyapunov 
functional in order to eliminate the time-varying delay term in the in-
equality, and then introduce the J-function to obtain a nonlinear matrix in-
equality that satisfies the H∞ performance index γ, we also employ Schur 
complement lemma to transform the nonlinear matrix inequality into set 
of linear matrix inequalities consisting of two linear matrix inequalities, 
a sufficient condition for the existence of a non-fragile dynamic output 
feedback H∞ controller and satisfying the H∞ performance index γ is 
concluded for a class of uncertain switching systems with variable time 
delay; Finally, a switched system composed of two subsystems is consid-
ered and the effectiveness and practicability of the theorem are illustrated 
by numerical simulation with LMI toolbox.

Keywords:
Single Lyapunov function
Uncertainty
H∞ control
Non-fragile
Output feedback  

　

*Corresponding Author:
Yuzhong Liu,
School of mathematics and Systems Science, Shenyang Normal University, Shenyang, Liaoning, 110034, China;
Email: 876258614@qq.com 

1. Introduction

The switched system is a hybrid dynamical system
consisting of a series of continuous-time subsystems and 
a rule that controls the switching between them. Liberzon 
D [1] summarized the research status of switching systems 
in the literature. The switched system has received exten-
sive attention in the field of control. In the actual control 
a physical process, the uncertainty and time delay of the 
systems is often encountered, it is also the cause of sys-
tems instability and poor performance. In recent years, the 
problem of H∞ control for linear time-delay systems with 

uncertainties has attracted much attention. The research 
on uncertainty can be divided into two categories: norm 
bounded uncertainty and polymorphic uncertainty. For 
example, in 1992, Xie L [2] et al. studied the problem of 
robust H∞ control for linear systems with norm-bounded 
time-varying uncertainties; In 2001, Goncalves E N [3] et 
al. studied the design of controllers for systems with poly-
morphic uncertainty. In terms of the design of the control-
ler by the traditional robust control method only needs to 
find the gain of the controller to make the closed-loop sys-
tem stable. However, when the controller is digitally exe-
cuted, due to the limited word length of the memory and 
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the aging of components and other factors, the controller 
is also very sensitive to small changes in its own when re-
lying on different design algorithms, resulting in a closed-
loop system performance degradation or even unstable. 
It leads to a new problem: to design a controller that can 
withstand a certain range of parameter changes, that is, a 
non-fragile controller.

In 1997, Keel [4] and others first put forward the concept 
of “non-fragile”. The explanation of fragile was further 
elaborated in some later published literature [5]. In recent 
years, more and more scholars are interested in non-frag-
ile research. In 1998, Dorato P [6] and others studied the 
design of non-fragile controllers based on robust control. 
In addition, in many practical problems, the state of the 
systems can not be measured directly. In view of the cost 
and reliability of control implementation, it is more prac-
tical to adopt non fragile output feedback. Yu L [7] and oth-
ers studied the design of robust memory less H∞ control-
lers for linear time-delay systems with time-varying and 
bounded norms uncertainties; In 1997, Han H C [8] and 
others studied the LMI method of output feedback H∞ con-
troller design for linear time-delay systems; In 1998, Ko-
kame H [9] and others studied the robust H∞ performance 
of linear time-delay differential systems with time-varying 
uncertainties；In 2006, Yang G H [10] and others studied 
the design of non-fragile output feedback H∞ controller 
for linear systems; In 2009, Li L [11] and others studied 
the non-fragile dynamic output feedback control of lin-
ear time-varying delay systems; In 2010, Y Wang [12] and 
others studied the design of non-fragile output feedback 
H∞ controllers for linear systems; In 2013, Fernando T 
L [13] and others studied the output feedback guaranteed 
cost control problem of uncertain linear discrete systems. 
However, there are few researches on the non-fragile 
dynamic output feedback H∞ control of time-varying 
time-delay switched systems with uncertainties.

In this paper, the problem of dynamic output feedback 
H∞ control for a class of uncertain time-varying delay 
systems is studied. Assuming that the uncertainty is norm 
bounded and parameter uncertainty which the paramet-
ric form of the uncertain coefficient matrix is given. The 
dynamic output feedback controller is designed, which 
is substituted into the original systems to obtain a new 
closed-loop system. The corresponding switching rules 
and Lyapunov functional are constructed. By using con-
vex combination technique, inequality scaling lemma, 
and Schur complement lemma, the set of linear matrix 
inequality satisfying the given H∞ performance index γ  is 
obtained and the original system is asymptotically stable 
and satisfies the performance indexγ . The sufficient con-
ditions for H∞ control are obtained, and the validity of the 

theorem is verified by numerical simulation.

2. Description of the Problem

Consider a class of switched systems with time delay 
and uncertainties.
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A A t x t d t

σ σ

d t d t

( ) 1 ( )

= + ∆

σ σ

t t

( ) ( )

( ) ( )

σ σ( ) ( )t t

ω

1 ( ) 1 ( )( ) ( ) ( )t tz t C x t D tσ σ ω= +  

2 ( ) 2 ( )( ) ( )t ty C x t D tσ σ ω= +  

( ) 0x t =  , [ ,0)t h∈ −   (1)

W h e r e  ( ) nx t R∈ , ( ) ru t R∈ , ( ) mz t R∈

, ( ) gy t R∈ and ( ) qt Rω ∈  are state vector, control 

input vector, control output vector, measurement output 

vector and external disturbance input vector. iA , diA ,  

iB , 1iB , 1iC , 2iC , 1iD , 2iD are constant matrices 

with proper dimensions; ( )d t  is a time-varying delay 

and is a continuous function satisfying: 0<d(t)<τ ,  

( ) 1d t d≤ < .  τ ,  d a r e  k n o w n  c o n s t a n t s . 

( ) mt Rω ∈ is the interference input of limited energy; 

:[0, ) {1,2, , }M nσ ∞ → =  represents the handover 
rule of this systems, where n represents the n switch-

ing subsystems of the switching system. ( )iA t∆  and 

( )diA t∆  represent the time-varying uncertainty in the 

model and satisfy the following form of norm bounded 
conditions

1 1( ) ( )i i i iA t H F t E∆ =   (2)

2 2( ) ( )di i i iA t H F t E∆ =  (3)

Where 1iH , 2iH , 1iE and 2iE  are constant matrices 

with appropriate dimensions, ( )iF t  are unknown ma-
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trices with Lebesgue measurable elements and satisfy the 
conditions

( ) ( )T
i iF t F t I≤  (4)

The problem studied in this paper is to design dynamic 
non-fragile output feedback H∞ controller for uncertain 
time-varying delay systems (1), as follows:

( ) ( ( )) ( ) ( ( )) ( )c ci ci c ci cix t A A t x t B B t y t= + ∆ + + ∆

( ) ( ( )) ( )i ci ci cu t C C t x t= + ∆  (5)

makes the systems (1) be asymptotically stable and 
meet the given performance indexγ . The uncertain terms 

( )ciA t∆ , ( )ciB t∆  and ( )ciC t∆  of the controller (5) 

represent uncertain gain perturbation and meet the condi-
tions: 

3 3( )= ( )ci i i iA t H F t E∆

4 4( )= ( )ci i i iB t H F t E∆

5 5( )= ( )ci i i iC t H F t E∆  (6)

condition (4) and (6), where H3i, H4i, H5i, E3i, E4i and E5i 
are constant matrices with appropriate dimensions. And (5) 
where Aci, Bci and Cci are undetermined constant matrices 
with appropriate dimensions.

The closed-loop system is obtained by combining for-
mula (1) and formula (5)
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Aiming at the systems in this case, the problem to be 
solved in this paper is to find a sufficient condition for the 
existence of a non-fragile output feedback controller that 
satisfies the given H∞ performance index γ  for the uncer-
tain time-varying delay system (1). 

3. Main Results

Definition 1 Considering any given constant γ , un-
certain time-varying time-delay switched system (1) in 
the presence of non-fragile dynamic output feedback gain 
with the form of additive perturbation, the Existing form 
of non-fragile dynamic output feedback H∞ controller can 
be obtained, and the system satisfies the given constant 
γ . By using the corresponding switching rules, the sys-
tems (1) can be stabilized if there is an output feedback 
H∞ controller of the form (5) and corresponding switching 
rules ( )tσ . For a given performance index, the response 
of the closed-loop systems satisfy the following two con-
ditions:

1) When external disturbance ( ) 0tω = , construct 

corresponding switching rules ( )tσ , so that the systems 
(1) are asymptotically stable.

2) When the initial state of system (1) at t=0 is 0, 
the following inequality holds for all non-zero val-
ues ( ) [0, ]t L T∈ , 0 T≤ < ∞ , as follows:

2 2
( )z tγ ω≤

Lemma 1 [12] For any constant ε˃0, vector X, Y, there 
are 

-12 +T T TX Y X X Y Yε ε≤ .

Lemma 2[12] For any constant ε˃0 and proper dimen-
sions matrices H, E and F(t) satisfy FT(t)F(t)≤I, there are

1( ) ( )T T T T THF t E E F t H HH E Eε ε−+ ≤ +

Theorem 1 For systems (1), the dynamic output feed-
back control law given by equation (5), where the control-
ler parameter matrices are as follows:

1
1ci i cA r P−=

1
2 2

T
ci i c iB r P C−=

3
T

ci i iC r B P=   (8)

Given a constant 0γ > , there are the following linear 
matrix inequalities
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having solutions for 0P > , 0cP > , 1ir , 2ir , 3ir , giv-

en 0iαε > ,（ =1 2 7α （，，，） , 0( )i i Nλ ≥ ∈  and 

satisfying 
1

1
n

i
i

λ
=

=∑  of n real number, then the systems (1) 

are asymptotically stable under the action of controller (5) 
and satisfy the given H∞ norm boundγ .Where

+ + +

M A P PA C C C C E E

ε ε ε
1 1 1 2 2 1 1 1

3 2 2 7 2 4 4 2 2

i i i i i i i i i i

i i i i i i i i iE E C E E C I

= + + + +
T T T

T T T Tε

M C D PB PH PH PA PB H PB2 1 1 1 1 2 5i i i i i i di i i i= +  
T

M diag I I d I3 1 3i i i= − − − −

 
 
 
 
 − − − −

D D D D D E E D

[(1 ) ] ]

γ ε ε
1 1 2 2 4 2 4 4 2
T T T T
i i i i i i i i i
2

d I I r I

+ +

ε ε2 5 3i i i

[(1 ) ]

ε

−2

2
1 1 2 2 2 6 3 3 5 5 52 2 T T T
i i i i i i i i i i iN r I r C C E E E Eε ε= + + +

[ ]2 3 4 4i c i c i c i iN P H P H P H PB=

[ ]3 6 7 4i i i iN diag I I I Iε ε ε= − − − −

The switching rules are as follows:
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When the switched systems (1) have the non-fragile dy-
namic output feedback H∞ controller, the uncertain switched 
systems with time-varying delay (1) are asymptotically sta-
ble and satisfy the given performance index γ .

Proof For systems (6), let 

0 1{( , ) | ; 0,1, 2, ,0 }k kt i i M k t t∈ = = ≤ ≤   

be the switching sequence formed on [0, )t∈ ∞  corre-
sponding to the switching rule. Therefore, the Lyapunov 

function has the following form:

1 2( ) ( ) ( )V t V t V t= +

1

( ) 0 ( )
( )

( ) 0 ( )

T

c c c

x t P x t
V t

x t P x t
     

=      
     

2 2 3 2 2( )
( ) ( )( ) ( )

t T T
i i i it d t

V t x s I E E x s dsε ε
−

= +∫
The time derivative along the systems (6) is obtained, 

as follows:

V t x t Px t x t Px t
+ +

+ +

− − −

+ −



ε
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x t I E E x t

x t P x t x t P x t
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Firstly, the internal stability of the systems is consid-
ered, set ( ) 0tω = , combine lemma 1, 2 and equations 

DOI: https://doi.org/10.30564/jeisr.v3i1.3205



5

Journal of Electronic & Information Systems | Volume 03 | Issue 01 | April 2021

Distributed under creative commons license 4.0

(2), (3), (4), (5), (6), there are

( ) ( ) ( ) ( ) ( )T T
i c i cV t x t R x t x t S x t≤ +  (11)

According to equation (11), as long as 0iR < , 

0iS < , there is ( ) 0V t < . Then the systems (7) is as-

ymptotically stable.

Secondly, when ( ) 0tω ≠ , under zero initial condi-

tions 0( ) 0x t = , the J function is introduced,

2

0
( ( ) ( ) ( ))T T

i i iJ Z Z t t t dtγ ω ω
∞

= − ≤∫

2

0
( ( ) ( ) ( ) ( ))T T

i i iZ Z t t t V t dtγ ω ω
∞

− + ≤∫   

0 0
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T T T
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t
ω

ω
∞ ∞ ′ ′  +  
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where

Ri′=

 

 
 
 

 D C B P

R C C C D PB
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+

1 1 1 1 1
T T

1i +

D D I D D

ε
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i i i i

4 2 4 4 2i i i i iD E E DT T

− +γ 2
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i i i i i i c i i cS S r C C P H H Pε −′ = + +

When Ri′ < 0 , Si′ < 0 , there are J < 0 . The sys-
tems (1) satisfy the H∞ performance index γ and are grad-
ually stable under the action of the non-fragile dynamic 
output feedback controller (4). The Schur complement 

lemma is further used to make the Ri′ < 0 , Si′ < 0 . It 

is equivalent to LMI of formula (8) in the theorem. And 

in the case of no disturbance input, V t( ) 0< can still 

hold, then the theorem is proved.

4. Simulation Example

Given two uncertain time-varying delay continuous 
subsystems to form a linear switched systems (1).Where

1

5 2
0 6

A
− − 

=  − 
, 2

5.5 1
1 6

A
− 

=  − − 
, 

1

0 0.3
0.1 0.4dA  

=  
 

, 2

0 0.3
-0.2 0.5dA  

=  
 

, 

1

1
0.5

B  
=  
 

, 2

0
1

B  
=  
 

, 11

1
1.5

B  
=  
 

, 12

1
1.5

B  
=  
 

, 

11 12

0.1 0
0 0.1

C C  
= =  

 
, [ ]21 22 1 3C C= =

, 

11 12

0
0

D D  
= =  

 
, 21 22 1D D= = , 

11 12

0.2
0.1

H H  
= =  

 
, [ ]11 12 0.2 0E E= = , 

 [ ]21 22 0.5 0E E= = , 41 42 0.1E E= = , 

51 52 0.1H H= = , 

21 22

0.3
0.15

H H  
= =  

 
 , 

31 32 41 42

0.1
0.2

H H H H  
= = = =  

 
, 

1 2( ) ( ) sin( )F t F t t= = . 

The time delay is taken as 0.5, 1=0.4λ , 2 =0.6λ ,  

0.9d = , =1iαε , =1 2 7;i=1,2α （，，，） .By solv-

ing linear matrix inequality (9) to get

123.8791   83.3075
=

83.3075    57.8461
P

− 
 − 

, 

8 1.8904  0.9448
1 10  

 0.9448 0.4728cP
− 

= ×  − 
.

We substitute 8
11 -2.8628 10r = × , 3

21 5.7130 10r = × , 
-5

31 7.2021 10r = ×  into (8) to get 

3
1

1.3283 2.6546
1 10

2.6546  5.3112cA
− − 

= ×  − − 
, 
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1

0.1854
0.3709cB  

=  
 

, [ ]1 0.0059 0.0039cC = − ；

We substitute 
8

12 -4.2942 10r = × , 
3

22 4.7629 10r = × ,  
-5

32 7.2021 10r = ×  into (8) to get 

3
2

1.9924 3.9819
1 10

3.9819  7.9668cA
− − 

= ×  − − 
, 

2

0.1546
0.3093cB  

=  
 

, [ ]2 0.0060 0.0042cC = −

The switching rules are as follows:

σ ( ( ))x t i= =
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2.
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+ − <
   

   

   

   
   

   

ω ω

ω ω

x t S S x t

x t S S x t

x t x t

x t x t

i i
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c c
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T
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( ) ( )

( ) ( )

( ) ( )

( )( ) ( ) 0

( )( ) ( ) 0

t t
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T

T

( )

( )

1 2

2 1

′ ′

′ ′

R R

R R

1 2

2 1

′ ′

′ ′

−

−

5. Conclusions

In this paper, we study the problem of non-fragile dy-
namic output feedback H∞ control for a class of switched 
systems with time-varying delay and norm-bounded 
uncertainty, a suitable switching rule is constructed by 
using a convex combination method and single Lyapun-
ov function method. Furthermore, the derivative term of 
Lyapunov functional is scaled by using inequality lemma, 
and a sufficient condition for the problem to be solved is 
obtained in the form of matrix inequality which is only 
related to the upper bound of delay derivative. By using 
Schur complement lemma, the obtained matrix inequali-
ty is decomposed into a set of linear matrix inequalities. 
At the same time, we get the sufficient conditions of 
non-fragile H∞ control for the uncertain switched systems 
with time-varying delay and present the specific form of 
the non-fragile dynamic output feedback H∞ controller. 
The practicality and validity of the theorem are verified by 
numerical simulation examples. The results show that the 
non-fragile dynamic output feedback H∞ controller theo-
rem is valid for the systems, and the design method may 
be suitable for other types of systems.
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